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We solve the two-particle s-wave scattering for an ultracold atom gas confined in a quasi-one-
dimensional trapping potential which is periodically modulated. The interaction between the atoms
is included in terms of Fermi’s pseudopotential. For a modulated isotropic transverse harmonic
confinement, the atomic center of mass and relative degrees of freedom decouple and an exact
solution is possible. We use the Floquet approach to show that additional photon-assisted resonant
scattering channels open up due to the harmonic modulation. Applying the Bethe-Peierls boundary
condition, we obtain the general scattering solution of the time-dependent Schro¨dinger equation
which is universal at low energies. The binding energies and the effective one-dimensional scattering
length can be controlled by the external driving.
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The ability to accurately control the effective atomic
interactions in ultracold atom gases has opened the door-
way to novel exciting physics in the recent years. The cur-
rently available experimental tools allow for a powerful
implementation of analog quantum simulators realized
by cold-atom assemblies [1, 2]. In the regime of strong
atomic interactions, the quantum gas becomes scale-
invariant and shows universal physical aspects quantified
in terms of a few dimensionless coefficients. For instance,
the three-dimensional (3D) s-wave scattering length a
characterizes the interatomic interactions and has to be
compared to the mean interatomic distance which is of
the order of the particles’ inverse momenta k−1. It can
be controlled over several orders of magnitude via the
help of a magnetic field tuned accross a Feshbach reso-
nance [3]. In 3D, the tunability of the scattering length,
for instance, reveals the cross-over from the weakly inter-
acting Bardeen-Cooper-Schrieffer superfluid state, where
1/(ka)→ −∞, to the strongly interacting Bose-Einstein
condensate of dimer molecules, where 1/(ka)→ +∞ [1].
In quasi-one-dimensional (1D) gases, another relevant
length scale appears in form of the transverse confine-
ment length a⊥. Then, the scattering of two tightly
confined quantum particles is known to induce univer-
sal low-energy features in form of confinement-induced
resonances (CIRs) [4–6]. At low energies, only the trans-
verse ground state of the confining potential is signif-
icantly populated whereas the higher transverse states
can be only virtually populated during the elastic colli-
sions. In this regime, the remaining scattering processes
in the longitudinal direction can be characterized by the
effective 1D interaction strength g1D. It is governed by a
single parameter, being the ratio of a and the zero-point-
fluctuation length scale a⊥, irrespective of the details of
the confinement.
By tuning the confinement strength (or the 3D scatter-
ing length via a Feshbach resonance [3]) across a CIR, it is
possible to cross over from strongly repulsive to strongly
attractive interactions. CIRs have been observed in a
strongly confined 1D gas of fermionic K atoms [7] and of
bosonic Cs atoms [8]. This has allowed to investigate the
cross-over from a strongly repulsive Tonks-Girardeau gas
to a strongly attractive Super-Tonks-Girardeau gas [8].
CIRs have also been observed in a strongly interacting
2D Fermi gas [9] and in mixed dimensions [10].
In close analogy to a Feshbach resonance, the CIR oc-
curs when the continuum threshold for the lowest trans-
verse state (the open channel) has the same energy as a
bound state formed by two particles being in some trans-
verse excited states (the closed channels) [5]. Put differ-
ently, the transverse orbital degrees of freedom of the
confined atoms play the same role as the internal atomic
spin degrees of freedom for a Feshbach resonance [3].
When the transverse confinement of two equal atom
species is purely harmonic, only one such bound state
exists, leading to a single universal CIR [4–6]. This fea-
ture can be traced back to the separability of the center
of mass and relative coordinates [11]. In turn, a mul-
titude of CIRs appears when these degrees of freedom
are no longer separable, i.e., for a mixture of different
species [11], anisotropic [12–14] and anharmonic confine-
ment [11–16], and in mixed dimensions [10, 17]. Dipo-
lar CIRs have been predicted to occur also in presence
of long-range anisotropic interactions between different
atomic angular momentum states [18]. Coupled CIRs
have also been predicted at higher energies when all par-
tial scattering waves are taken into account [19].
As an alternative to the “orbital” Feshbach resonance
to control the atomic scattering, a time-dependent mod-
ulation of internal atomic states generates an optical Fes-
hbach resonance [20]. It occurs when the optical radia-
tion resonantly couples two atoms in their respective elec-
tronic ground state to a molecular state formed by elec-
tronically excited states, i.e., the relevant closed channels
in this case. This mechanism has been also experimen-
tally demonstrated [21].
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FIG. 1. Sketch of the energy level scheme. A standard CIR
occurs when the energy of the scattering atoms at the con-
tinuum threshold (horizontal line, blue online) matches the
energy E∗B of a bound state formed by the closed channels
(dashed line, light green online). The energy EB of the real
bound state is shown as a continuum line (dark green on-
line). A photon-assisted CIR occurs when the binding energy
~ω0 −EB matches the energy of m photons. The photon en-
ergy ~ωex is indicated by wavy lines at the photon-assisted
CIRs for the single-photon and two-photon resonances. The
quasienergy is the energy folded on an energy interval ~ωex
In this work, we propose a novel mechanism to coher-
ently manipulate the scattering properties of cold atoms
in quasi-1D traps via a time-dependent RF modulation
of the trapping potential. We consider a tight trap where
the atoms have been initially cooled to their transverse
ground state. The trap eigenfrequency ω0 is modulated
by a periodic field such that ω2(t) = ω20 − F cosωext.
The modulation is switched on adiabatically in order to
keep all atoms in the same transverse Floquet quantum
state. We show that a new type of CIR is induced by the
virtual molecular recombination of the atoms (in their
electronic ground state) during the collision. This pro-
cess is mediated by the emission of m virtual photons
by the scattering atoms at the continuum threshold ~ω0,
see the level scheme in Fig. 1. Thus, the virtual tran-
sition to the bound state with energy EB becomes res-
onant when ~(ω0 − mωex) = EB , leading to a series of
photon-assisted CIRs. This process is fundamentally dif-
ferent from any type of Feshbach resonances as it does
not involve a bound state formed by the closed channels.
By tuning the modulation field parameters, the photon-
assisted CIRs can easily be tuned.
In a frame of reference where the centre of mass of
the two atoms is at rest, the two-body problem can be
mapped to the scattering of a trapped single particle,
with the reduced mass µ, by a central potential U(r).
The centre of mass and relative degrees of freedom decou-
ple for a harmonic trap also in presence of a parametric
time-dependent modulation. The Hamiltonian can then
be written as
H(r, t) = H0(t) + U(r), H0(r, t) =
p2
2µ
+
1
2
µω2(t)r2⊥.
(1)
We set the z-direction as the direction of free evolution.
The confinement is defined over the x−y-plane, implying
that r⊥ = (x, y). Furthermore, we choose the frequency
ω(t) such that the solutions of the classical equation of
motion x¨+ ω2(t)x = 0 are stable. We consider the limit
where the interaction range is much shorter than the am-
plitude of zero point fluctuations a⊥ = (µω0)−1/2 in the
static trap (~ = 1). Thus, the scattering dynamics is
governed by a single parameter, the 3D scattering length
a. In this limit, the low-energy interparticle interaction
U(r) can be described by Fermi’s pseudopotential [22]
U(r) =
2pia
µ
δ(r)
∂
∂r
r. (2)
We consider the atoms initially in the adiabatic trans-
verse ground state and having a longitudinal momentum
k. They are described by the incoming wave function
ψin(t) = exp[−iεt] exp[ikz]u0(x, t)u0(y, t), (3)
where ε is the quasienergy ε = k2/2µ + ν of the atoms.
Here, the time-periodic functions un(x, t) are the Floquet
eigenstates of the parametrically driven harmonic oscil-
lator with quasienergy (n + 1/2)ν [23–25]. Notice that,
when the driving is switched off adiabatically, ν → ω0
and the un(x) become the eigenstates of the harmonic
oscillator.
Our goal is to compute the full solution ψ(t) which
includes the scattered wave ψout(t) such that ψ(t) =
ψin(t) + ψout(t). It is most convenient to introduce
the time-periodic Floquet state φ(t) = exp[iεt]ψ(t) as
the solution of the eigenvalue problem H(r, t)φ(r, t) =
ε φ(r, t), where H ≡ H − i∂t is the Floquet Hamiltonian
[24]. With T = 2pi/ωex being the external modulation
period, we can formally write
φ(r, t) = φin(r, t) +
∫ T
0
dt′
T
Gε(r, 0; t, t′)f(t
′)
2µ
, (4)
where φin(t) = exp[iεt]ψin(t) and the second term on
the r.h.s. represents the outgoing scattered wave function
φout(t). The intergral kernel Gε = (H0 − ε − i0)−1 is
the retarded Floquet-Green’s function with H0 = H0 −
i∂t. This wave function has to fullfill the Bethe-Peierls
boundary condition
φ(r → 0, t) '
(
1− r
a
) f(t)
4pir
, (5)
with the Bethe-Peierls amplitude f(t) yet to be deter-
mined. For large z, the asymptotic scattered wave can
3be decomposed into partial waves as
φout(r) ≈
∑
n
m=open
Smn
(
k
knm
)1/2
eiknm|z|unx(x, t)uny (y, t) .
(6)
Here, |Smn |2 is the probability of the atoms to be ex-
cited into the transverse state with quantum number
n = (nx, ny) after absorbing m > 0 photons from the
field and thereby acquiring the momentum knm, which is
determined via
k2nm
2µ
+ (n+ 1)ν = ε+mωex, n = nx + ny . (7)
The number of available open channels depends on m.
The S-matrix elements Smn are determined by the Bethe-
Peierls boundary condition Eq. (5) (for technical detials,
see Ref. [25]) as
Smn =
i
2
√
kknmT
∫ T
0
dt′eimωextu∗nx(0, t
′)u∗ny (0, t
′)f(t′) .
(8)
Next, we insert Eq. (4) into Eq. (5) and define a scalar
product 〈f |g〉 = T−1 ∫ T
0
dt f∗(t)g(t) on the Hilbert space
of time-periodic functions. Then, we can derive an inho-
mogeneous linear equation for the Bethe-Peierls ampli-
tude f(t) as(
ζε +
a⊥
a
)
|f〉 = −4piN−1/2|in〉 . (9)
Here, we have introduced the regularized integral kernel
〈t|ζε|t′〉 = 2pia⊥
µ
[
Gε(r, 0; t, t′)− δ(t− t′) Tµ
2pir
]
r→0
(10)
and the normalized vector |in〉 via 〈t|in〉 =
N 1/2a⊥φin(0, t). For small initial momenta, k  knm,
the scattering is dominated by elastic collisions. In this
regime, it is convenient to divide the kernel ζε into a
smooth part ζ˜ε, that can be evaluated for k = 0, and
the contribution of the channel of the incoming atoms,
where the k-dependence is retained. This yields [25]
|f〉 = −4piN−1/2 ka1D
ka1D − i
(
ζ˜ν +
a⊥
a
)−1
|in〉 . (11)
Here, it is convenient to introduce the effective 1D scat-
tering length a1D for the longitudinal scattering accord-
ing to
a⊥
a1D
= −2piN−1〈in|
[
ζ˜ν +
a⊥
a
]−1
|in〉 . (12)
Since the operator ζ˜ν is not Hermitian, it acquires an
imaginary part whose meaning is discussed further below.
Using Eq. (11) in Eq. (8), we obtain the S-matrix element
S000 = −
i
ka1D − i . (13)
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FIG. 2. Effective scattering cross sections in quasi-1D: total
(σ) and elastic (σ`) cross section as a function of the relative
longitudinal momentum k for |Im a1D|/|a1D| = 0.15.
This is the probability amplitude for the reflection of
a 1D particle due to the effective scattering potential
U1D = g1Dδ(z) with complex interaction strength g1D =
−1/(µa1D). Its imaginary part refers to the loss of atoms
in the excited transverse states which occurs due to in-
elastic scattering processes into other channels provided
by the modulation. From this, we obtain the elastic cross
section, which is the probability of an elastic scattering
event, as σ` = |S000|2 and its inelastic counterpart as
σr = 1 − σ` − |1 + S000|2, respectively. From Eq. (13),
we find
σ` =
(
1 + k2|a1D|2 − 2k Im a1D
)−1
,
σr = −2σ`k Im a1D, (14)
(Im a1D < 0). The effective quasi-1D scattering cross
sections (for the case |Im a1D|/|a1D| = 0.15) are shown
in Fig. 2. The probability of an elastic scattering event
tends to one for small realtive momenta of the scattering
atoms, k  1/|a1D|. On the other hand, the scattering
is dominated by inelastic scattering events for compar-
atively larger momenta, k  |Im a1D|−1. Hence, when
|a1D| becomes smaller than the typical longitudinal de
Broglie wavelength of the atoms a scattering resonance
results.
Formally, the 1D scattering length a1D can be ex-
pressed in terms of the spectrum {λm} and the right and
left eigenvalues |vRm〉 and |vLm〉 of the kernel ζ˜ε,
a⊥
a1D
= −2piN−1
∑
m
〈in|vRm〉〈vLm|in〉
λm + a⊥/a
. (15)
Hence, if several eigenvectors significantly overlap with
the vector |in〉 of the incoming wave, more than one scat-
tering resonances may occur. The resonances in |a⊥/a1D|
are well resolved Lorentzian peaks with their center de-
termined by the resonance condition a⊥/a = Reλm and
with their line width given by Imλm, if their mutual dis-
tance exceeds the corresponding widths.
The kernel ζ˜ε can be computed fully analytically only
for the trivial case F = 0, see Supplemental Information
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FIG. 3. Photon-assisted broadening of the standard CIR.
The imaginary and real parts of a⊥/a1D are shown in (a)
and (b), respectively, for ωex = 1.2ω0 and F = 10
−4ω20 . The
dashed vertical line indicates the resonance position in ab-
sence of driving, a⊥/a = −ζ(1/2, 1). The resonance is broad-
ened by driving-induced inelastic transitions to excited trans-
verse channels. (c) The width of the CIR has a quadratic
dependence on the driving amplitude, Im λ0 ∝ F 2.
[25]. In this case, the left and right eigenvectors, |vLm〉 and
|vRm〉, are plane waves, 〈t|vRm〉∗ = 〈vLR|t〉 = exp[imωext],
and the incoming wave is given by |in〉 = |vR0 〉. Thus, the
overlap is zero for m 6= 0 and we recover the standard re-
sult: there is only one CIR for a⊥/a = −λ0 = −ζ(1/2, 1)
(ζ(x, y) is the Hurwitz zeta function) when the energy of
the virtual bound state formed by the closed channels,
coincides with the continuum threshold [4].
If the driving is weak and far away from any parametric
resonance
F  ω2ex, |2ω0 −mωd|  ωd(4F/ω2d)m, (16)
we expect the eigenvalues {λm} of the kernel ζε to only
smoothly deviate from their values for F = 0. To obtain
a specific result, we evaluate and diagonalize the ker-
nel ζ˜ε with a semi-analytical procedure outlined in the
Supplementary Material [25]. The standard CIR for a
weak non-resonant driving is shown in Figs. 3 (a) and
(b). The zero-photon resonance is clearly broadened by
the inelastic collisions. In Fig. 3 (c) we show that the
width Imλ0 ∝ F 2.
For a finite driving there is no selection rule prevent-
ing the remaining eigenvectors of the kernel ζ˜ε to yield
a finite contribution in the r.h.s of Eq. (15) to a1D.
For weak non-resonant driving, we can label the eigen-
values λm with the number m of radiofrequency pho-
tons which are virtually absorbed (emitted for m < 0)
and later re-emitted (re-absorbed) during an elastic col-
lision. From Eq. (15), we see that the contribution to
a1D from the processes where m photons are virtually
absorbed is largest for a⊥/a = −Reλm. In the Sup-
plemental material, we show that, for the case m > 0,
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FIG. 4. Photon-assisted confinement-induced resonances
(imaginary part of a⊥/a1D in (a) and real part in (b)) due to
a one-photon absorption from and subsequent emission into
the driving field (m = −1) for ωex = 1.2ω0 and for varying
modulation amplitudes F .
this occurs when the m-photon transition from the con-
tinuum threshold ~ω0 to the virtual bound state with
energy E∗B(m) formed by the transverse channels which
are still closed after the absorption of m photons [with
transverse energy E > EM = Int[mωex + ω0]] is reso-
nant, E∗B(m) = ω0 +mωex. We do not expect that these
processes lead to a scattering resonance because the cor-
responding bound states leak very quickly into the open
channels. In fact, the imaginary part Imλm can be shown
to be finite even for F → 0, Imλm & 1 [25]. On the other
hand,the contribution to a1D from processes where the
photons are first emitted (m < 0) is largest for [25]
a⊥
a
= −Reλm ≈ −ζ(1/2, |m|ωex/2ω0) (17)
Notice that the energy EB of the molecular bound state
(for F = 0) is given by a⊥/a = −ζ(1/2, (EB − 1)/2ω0)
[5]. Hence, the processes where |m|-photons are virtually
emitted leads to the largest enhancement of scattering
when the molecular recombination accompanied by the
emission of m photons is resonant, ω0 − |m|ωex ≈ EB .
Since limF→0 Imλm = 0 [25] (the molecular bound state
can only dissociate because of the driving), these pro-
cesses lead to sharp CIRs. The resonance in the case
of resonant emission of a single photon (m = −1) is
shown in Fig. 4 for different values of F . Notice that,
the scattering resonances investigated here involve the
true molecular bound state and not a virtual bound
state formed by the closed channels. Therefore, they are
not Feshbach-type resonances but rather the dynamical
equivalent of a shape resonance (a scattering resonance
that occurs when a generic potential has a bound state
closed to the continuum threshold) [26].
5Conclusions - We have shown that the s-wave scatter-
ing of two atoms confined in a tight quasi-1D trap can be
coherently controlled by a RF modulation of the trans-
verse confinement. The scattering in the atom cloud in
the adiabatic transverse ground state can be efficiently
described as atoms in a 1D waveguide interacting via a
short range interaction. In this case, the coupling con-
stant g1D acquires an imaginary part and incorporates in-
elastic scattering into the transverse excited states. This
mechanism generates a new kind of photon-assisted or
dynamical confinement-induced resonances. The results
are universally valid in the regime of low energies. The
dynamical confinement-induced resonances are another
example in which photon-assisted processes carry signa-
tures of atomic interparticle interactions which have also
been seen in the photon-assisted tunneling in a Bose-
Einstein condensate [27]. Such processes could be used
for avoided-level-crossing spectroscoy in strongly inter-
acting quantum gases [28].
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